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Introduction

Throughout this pape® is a commutative ring with identity. A non emptybsetS is called a
multiplicatively closed set i®, if 0 € S anda, b € S impliesab € S. If S is a multiplicatively closed set
R, then define a relation (~) dhx S as: for(r,s), (t,u) € R X S, we say(r,s)~(t,u) if and only if there
existsv € S such thatv(ur — st) = 0, then (~) is an equivalence relation Brx S and if we denote the
equivalence class dt, s) byg and the set of all equivalence classe<Rs, thenRg is a commutative ring

with the identity®, wheres € S, under the operationZ +£ = ursjjt and E% = 5 for 55 € Rs [1] and

(1971)[2]. R is called a regular ring (in the sense of Von Nenmaif for each elemera € R, there exists
b € R such thata = aba. R is called a Noetherian (an Artinian) ring, if it séies the ascendin
(descending) chain condition for ideals and italled locally Noetherian, R, is Noetherian for each prin
ideal P of R. The Jacobson radical R, denoted by-ad(R) (or J(R)), is defined as the intersection of
maximal ideals oR (1991) [3]and the prime radical (R, denoted byRad(R), is defined as the intersecti
of all prime ideals oR (1970) [4].An idealA of R is called finitely generated, if theexists a finite set iR
that generates, that isA =<, 1y, ...,1;, >, forr; € R and a positive integet. R is called a local ring if i
has only one maximal ideal and it is called a seeall ring if it has a finite number of maximal itedal he
dimension ofR, denoted bylimR, is defined as the supremum of all lengths ofrehaf prime idea (1974)
[5]. It is obvious thatdimR = 0 if and only if every prime ideal (R is maximal.

The following are some known theorems on which epethd to prove the results of the present pi

LetR be a commutative ring with identity. If every prindeal of R is maximal, then every non ze
divisor of R is a unit and if the zero eal ofR is a product of a finite number of maximal idedlerR is
Noetherian if and only iR is Artiniar (1970) [4]. Furthermore® is Artinian if and only ifR is Noetherian
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anddimR = 0 (1970) [4]. If P is a prime ideal oR, thenR, is a local ring withP, as its uniqgue maximal
ideal (1971) [2]. IfA is a finitely generated ideal &f such thatd/(R) = A, thenA = 0 [Nakayama Lemma].
Also we have the following equivalent conditions Ro(1979) [6].
(1) R is a Von Neumann regular ring.
(2) Rp is a field for each maximal ideBlof R.
(3) R contains no non zero nilpotent elements and gwénye ideal ofR is maximal.
(4) All simple R —modules are injective.

Many authors, in [7,8,9,10,11], have studiszhlly Noetherian rings and almost Noetherian dosiand
they determined some of their properties. The dirthis paper is first, to study locally Artinianngs and
second, to classify those locally Noetherian rivwpgch are locally Artinian.

2. TheMain Results
Definition 2.1. Let R be a commutative ring with identity. We sRyis locally Artinian ifRp is Artinian for
each prime idea? of R.

It is known that, iR is an Artinian ring and is a multiplicative system iR, thenRg is Artinian. In fact,
if A7J2A4,2--2A4;, 2 is any descending chain of idealsRg, then for a fixeds € S, the mapping
p:R — Rg, defined byp(a) = % for a € R, is a homomorphism. Then, we can get the following
descending chain of ideals & p~1(4}) 2 p~1(4%) 2 - 2 p~1(4),) 2 - and asR is Artinian, there exists
a positive integek such thap~1(4},) = p~1(4}+1) = p 1 (4)4,) = -+, from which one can easily get that
Ay = Aj4q = Aj4, = -+ HenceRy is Artinian, so that ifP is any prime ideal oR, thenS =R\ P is a
multiplicative system iR, so that we geR, is Artinian. Hence, we get the following corollary
Corollary 2.2. Every Artinian ringR is locally Artinian.

We mention that, a locally Artinian ring neadt be Artinian, in general as we see in the foifgv
example..

Example. Consider the séf = {1,2,3,...} of all natural numbers and I&t= {4: A < N} = P(N). Define
(+) and (.) as followsA + B = (AUB) \ (ANB) andAB = ANB, for A,B € R. One can easily show that
(R, +,.) is a commutative ring witly as its identity@ as its zero and the additive inverse of drny R is A
itself. First, we claim thaR is locally Artinian. LetP be any prime ideal @&. If A € R is any element, then
we haved.A.A = A. HenceR is a Von Neumann regular ring, so tifais a maximal ideal oR and thatRp
is a field and hence an Artinian ring, thRiss locally Artinian. LetF = {A: A € R andA is a finite subset of
N}. Clearly,® € F and thusp # F € R. Now, if A,B € F andX € R, thenA—B=A+(-B)=A+B is
finite and hence . Also, we havelX = ANX € A andXA = XNA € A soAX andXA are finite subsets
of N, thus we getdX,XA € F. HenceF is an ideal ofR. We claim thatF is not finitely generated. If
possible, suppose that is finitely generated, so tha =< B,,B,, ..., B, >, for B; € F, and1 <i < n.
Since eaclB; is a finite subset o, soB = U}~ B; is also a finite subset &f. Letm = sup {a: a € B}.
Now, letY = {m + 1}, which is a finite subset & and henc& € F, so there exist6;, C;, ..., C,, € R such
that Y =C;B; +C,B, + -+ C,B, = C;NB; + C;NB, + -+ C,NB, S r.(CNB;) € UL,B; =B.
Hence we gein + 1 € B and this contradicts the fact that= sup {a: a € B}, so thatF is not finitely
generated and th&tis not Noetherian. Hencg,is not Artinian.

Theorem 2.3. A locally Artinian ring which is semilocal, is #inian. (In particular, a locally Artinian ring
which is local is Artinian).

Proof. Let P, P, ..., P, be the maximal ideals & and4; 2 4, 2 - 2 4,, 2 - be any descending chain
of ideals inR. AsR is locally Artinian, we get thakp,is Artinian, for each. Now, for each (1 <i < k),
we get the descending chdih, )p, 2 (Az)p, 2 -+ 2 (4y)p, 2 -+ Of ideals inRp,. Thus, foreach (1 <i <
k), there exist a positive integem; such that(Ap)p, = (Amiﬂ)Pi = (Ami+2)Pl_ =... Let m=

max {m;: 1 < i < k}, then, clearly for each(1 <i < k), we get(4,,)p, = (Am+1)p; = (Ams2)p;, = .
Hence, by proposition 3.13 (1971) [2], we get thgt= A,,41 = Amez = -+ HeNcer is Artinian.
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It is known that in an Artinian ring, everyipe ideal is maximal, by Theorem 11.9 (1970) [4dl anow,
we extend this result to locally Artinian rings.
Theorem 2.4. If R is a locally Artinian ring, then every prime idexdlIR is maximal.
Proof. Let P be any prime ideal a®. As P is proper, there exists a maximal id€abf R, such thaP < Q.
Then, by Corollary 3.11 (1971) [2], we ¢&} is a prime ideal ok, and ask, is Artinian, we have?, is a
maximal ideal ofR,. But Q, is the unique maximal ideal &f,, so we get’, = Qy. Now, letP # Q, so

there existx € Q andx ¢ P. Then% € Q, and if% € Py, thenpx € P, for somep & Q. AsP < Q, we have

p € P and a< is prime, we get € P, which is a contradiction and thf.lﬁsz Py, that mean®, # Q,, which

is a contradiction, so th& = Q. HenceP is a maximal ideal oR.

It is known that, the Jacobson radical andptiee radical of an Artinian ring are identicab@ll) [3],
now we extend this result to locally Artinian rings
Corollary 2.5. If R is a locally Artinian ring, thep(R) = Rad(R).
Proof. The proof is obvious.

Another property of Artinian ring is that arrtihian domain (Artinian ring which is also an igtal
domain) is a field, Now, we extend this resultdodlly Artinian rings.
Theorem 2.6. Any locally Artinian domairR is a field.
Proof. Let P be any maximal ideal d&i. It is enough to show th& = 0. SinceR is locally Artinian, saRp
is Artinian and as is an integral domain, one can easily get fjats also an integral domain and so that
Ry is a field. But, we hav@; is a local ring withP, as its uniqgue maximal ideal, so we must hByve= 0.

Next, letx € P, thenf € Pp = 0, thus there existg € P such thatyx = 0 and asy # 0, we must have

x = 0, that mean® = 0. HenceR is a field.

Next, we introduce the following useful progyer
Definition 2.7 (Primal Completeness Property). We say that a Rngpssesses the Primal Completeness
Property(pc —property), if the complement of each prime ideak aonsists of no non zero divisorskf

Now, we support this definition by the follovg examples.

(1) Every integral domain possessesphe-property. LetR be an integral domain aidbe any prime ideal
of R. If R \ P contains some zero divisor, saythen there exist®® # y € R such thaky = 0 and asR is an
integral domain, we get = 0 € P, which is a contradiction. HencR, possesses the —property.

(2) In the ringZ,, we haveP = {0,2,4} is a maximal ideal oZ, and hence a prime ideal @f. Then
Ze\ P ={1,3,5} and3 € Z; \ P is such thaR.3 = 0, that mean$ is a zero divisor of, and thusZ, does
not possess thec —property.

In the next result, we prove that locally Ardin rings which possess the —property, are Artinian.
Theorem 2.8. A locally Artinian ringR which, possesses tpe —property, is an Artinian ring.

Proof. AsR is locally Artinian, by Theorem 2.4, we have evprime ideal ofR is maximal. We claim that
R has only one prime ideal. LBf andP, be any two prime ideals &, then they are maximal. Let¢ P;.
SinceR possesses the —property, sax is a non zero divisor ak and since every prime ideal Bfis
maximal, so we get thatis a unit. Conversely, i is a unit, then clearly ¢ P,. HenceR \ P, = {x:x is a
unit of R}. By using the same technique, we get th§tP, = {x: x is a unit ofR}. Hence, we geR \ P; =
R\ P,, which gives thatP; = P,, that means® has only one prime ideal, so thats a local ring and hence
by Theorem 2.3, we g& is Artinian.

In fact, the above condition is not necessargeneral, since the riry, is Artinian but it does not satisfy
thepc —property as we have seen in example (2).

It is known that, every Artinian ring is Noetian, so that every locally Artinian ring is lolyal
Noetherian and the converse is not true, in genérdact, the ring of integerg is Noetherian, so it is
locally Noetherian and since, the zero ided @ prime but not maximal, s0is not locally Artinian.

Now, we give a condition under which everydibe Noetherian ring is a locally Artinian ring.
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Theorem 2.9. Let R be a locally Noetherian ring. If for each primeadlP of R there exists a positive
integern for whichP™ = P™*1, thenR is locally Artinian.

Proof. Let P be a prime ideal oR, so there exists a positive integesuch thatP™ = P"*1, Then we get
(PMp = (P™1), and sinceP, is the unique maximal ideal &, so we have/(Rp) = Pp. Hence, we get
(PMp = (P™1)p = (P™"P)p = (P™")pPp = (P™)pJ(Rp). Now, asR is locally Noetherian, we havgy is
Noetherian and thu@™), is finitely generated and then by Nakayama's Lepweaget(P™), = 0, that is,
(Pp)™ = 0, which means that the zero ideal of the Noetherilag R, is a product of a finite number of
maximal ideals and thus we det is Artinian. Hencer is locally Artinian.

Next, we give two examples, the first does saitsfy the condition that given in Theorem 2.9jlevthe
second satisfies the given condition.

(1) The ringZ is Noetherian and hence it is locally Noetheriad the ideak 2 > is a prime ideal of. But
there does not exist a positive integesuch thak 2 >*¥=< 2 >¥*1 since if< 2 >¥=< 2 >**1, for some
positive integetk, then< 2% >=< 2¥*1 > Hence2k e< 2¥*! > and so tha* = m2**1, for somem €

Z. Then, we ge2*(2m — 1) = 0 and a< is an integral domain ar&¥ # 0, we ge2m — 1 = 0, which is a
contradiction. Thus, there is no positive integauch thak 2 >*k=< 2 >k+1,

(2) The ringZ, is Noetherian (since it has only a finite numbgideals), so it is locally Noetherian. The
only prime ideals of, are{0,2,4} and{0,3}. Clearly, we hav¢0,2,4}* = {0,2,4} and{0,3}? = {0,3}.

Lemma 2.10. If R is an Artinian ring, then for each iddabf R there exists a positive integlersuch that
Ik — 1k+1_

Proof. The proof is obvious.

Next, in the following theorem we classify sedocally Noetherian rings which are locally Ardin.
Theorem 2.11. Let R be a locally Noetherian ring which possesses(tlee-property), then the following
conditions are equivalent:

(D R is locally Artinian.

(2) For each prime ided of R, there exists a positive integesuch thaP* = pk+1,

Proof. (1) = (2) Let R be locally Artinian andP be any prime ideal oR. Since R possesses the
(pc —property), so by Theorem 2.8, we detis an Artinian ring and then by Lemma 2.10, thexests a
positive integek such thaP* = pk+1,

(2) = (1) Suppose that the condition (2) holds. SiRces locally Noetherian, then by Theorem 2.9, we get
thatR is locally Artinian.

As a corollary to the above we give the foilogy
Corollary 2.12. Let R be a commutative ring with identity which possesHee pc —property, then the
following conditions are equivalent:

(D) R is locally Artinian.

(2) R is locally Noetherian and for each prime id@abf R, there exists a positive integkrsuch that
pk — pk+1

Proof. The proof follows directly from Theorem 2.11.

Lemma 2.13. Let R be a commutative ring with identity. TheiimR = 0 if and only ifdimRp = 0, for
each prime idea? of R.

Proof. (=) LetdimR = 0 andP be any prime ideal dt. To showdimR, = 0. So, letP be any prime ideal
of Rp. Then, by Corollary 3.11 (1971) [2], there exiatprime ideal) of R such thaQN(R \ P) = @ and
P = Qp. Then, we ge € P. As, dimR = 0, we have every prime ideal & is maximal, thusQ is a
maximal ideal ofR and sinceP # R, we getQ = P. Hence,P = Qp = P, and asP; is the unique maximal
ideal ofRp, we haveP is maximal. Hence, we get théimR, = 0.

(&) LetdimRp = 0, for each prime ided of R. If P is any prime ideal oR, then there exists a maximal
ideal @ of R such that? € Q and thenP, € Q,. ThenP, is a prime ideal ok, and sincelimR, = 0, so
we getP, is a maximal ideal oR, and thusP, = Q,. If P # Q, then there exists € Q andx & P, then
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fe Qp- If % € Py, thengx € P, for someq & Q, which implies thaty € P and asP is prime, we gek € P,
which is a contradiction. Hencflcee Py, so thatPQ # Qg» which is again a contradiction. Hence we must

haveP = Q, that mean® is a maximal ideal ak. HencedimR = 0.

It is known that, a rin@ is Artinian if and only ifR is Noetherian andimR = 0 (1970)[4]. Now, we
extend this result to locally Artinian rings.
Theorem 2.14. Let R be a commutative ring with identity. Thénis locally Artinian if and only ifR is
locally Noetherian andimR = 0.
Proof. (=) LetR be locally Artinian, then it is locally Noetheriand by Theorem 2.4, we
get that every prime ideal &fis maximal, so thadimR = 0.
(<) LetR be locally Noetherian andimR = 0. If P is any prime ideal oR, then,R, is Noetherian and as
dimR = 0, by Lemma 2.13, we haweimRp, = 0, so by Theorem 12.16 (1970)], we getR, is Artinian.
HenceR is locally Artinian.
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